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Chaiho’s home assignment

- .

#® The inhomogenous XXZ model with boundaries
— SG model with boundary interactions

® Finite size properties of the lattice model

s Ahn- Nepomichie '03 , Ahn-Bellacosa-Ravanini '04

both repulsive and attractive regime through the NLIE
approach

s Fusion-TBA approach (Klimper-Pearce,
Kuniba-Sakai-JS)
well studied for the replusive regime

#® Try the fusion approach in the attractive regime and see
L the consistency of the Ahn-Nepomichie result.
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The outline of thetalk
f.o T

#® The fusion-TBA approach in the repulsive regime

ne model and the scaling limit

#® The fusion-TBA approach in the attractive regime
s the origin of the difficulty
» crucial property: Factorization by () functions

o -
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The XXZ modéd with boundaries

- .

® The Hamiltonian

N—-1
1 r T zZ 2 z z
h=-5 (Z((’j 01 T 07071 + Aojoy, ) +po] +p/UN)
j=1
#® Parameterization
A = —cos~y
o Y ;o Y
p—smvcot§(H+—1), p —smycot§(H_—1)
#® Consider 0 < p < pc = 1+ cos~y (no boundary string) and
p=p.

o -

The XXZ model in the attractive regime with boundaries — p.4/3



The 6V mode with boundaries

- .

#® A vertex model with the 6 possible configuration (N x N
sites)

#® The Boltzmann weights: parameterized by u, ~,p
e.g., w(+,+,+,+) = psin(2 + u)y

® an inhonomeneous model, uw — u + 10

G

u+i © u—Vi C] u+i u-i© -




Thescaling limit

2 4N
N — o0 O — —log —
s mL
2
u — —16
™

Correspondence: m = sG Kink mass, 5% = 8(7 — 7).



Thediagonalization of T

- .

#® The eigenvalue of the inhomogeneous 6V model

Q(x + 2i)
Q(z)

Q(x — 27)
Q(z)

T\ (x) = B_(x)Ty(x+1) + By (z)Ty(x—1)

where v = x/i and

Bi(z) =[xz +iH/|[r+iH_], Ty(z)=[27]|[x+ O] [z — 6]

N/2
Q) = [l —w)llr +2;) [¢] = sinh ]

® The energy of the XXZ model

E =1—1logT} (37) ‘x:i
dx
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Thefusion relations

- .

# Introduce fusion transfer matrices 7,,(z) = Try, 7 (x) (
dmYV,,=m+1.)

® Functional Relations

Ton(x +))Tin(x — 1) = fim(2) + Tons1 (@) T
f(x) = To(x + (m + 1)i)To(x — (m + 1)7)
< ][ B-(z + (m + 2 — 2§)i) By (x — (m + 2 — 2j)i)
j=1
#® The normalization ( the ground state ):
s T, = degree N in |x| under the p.b.c

L s T, = degree 2N + 2m In the case with boundaries J
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T — Y transformation

=

The T — Y transformation ( Klimper-Pearce ('91), Kuniba
-Nakanishi-JS('94))

The universal Y — system (Al. B. Zamolodchikov )

j:1727°”

Yi(z+0)Yj(z—i) = (14+Yj11(2))(14+Y;-1(2)), g=12.--

-
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Truncation of relations

-

® The peculiarity at v = 7/(p + 1) (BLZ '96)

Tpi1(x) = Tp1(x)B—(x — pi) By (2 + pi)

‘|‘TO T — p+

+ To(x HB +(p+1—24))
71=1
p
H (x4 (p+1—24)i)

or symbolically 7,1 (z) =2+ T,_1(x)
# factorization v =7 /(p + 1) (symbolically)

L T (x+ )T, (x—i) = (1+T,_1(2))* J



Truncated Y — system
-

Yilw +0)Yj(x —1) = (L4 Y () (1 + Yja(z)), j=1,--

Yyoa(z + i)Yyl — i) = (1+ Yya(@))(1 + A(2)Yi(2))

X (1+ Ma)Y(x))
Vs + )Yiaa — i) = (14, o(a))

D,, Dynkin type equations.

o



Zerosof T'Intherepulsiveregime

o
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Theanalyticity and TBA
- o

Analyticity conjecture:

® Y.(j=1,---,p—2,t)are analytic and nonzero in the strip
3z € |—1, 1] (except for trivial poles)

® 1+Y(j=1,---,p—2,t) are analytic and nonzero in the
strip Sz € [—07,07]

1. Truncated Y system

2. Analytic property

— TBA with a massive node

ooooo<

-
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Theenergy of the spin chain
- o

Suppose one solves TBA and obtains Y. Then the functional
relation

T(x+i)Ti(x — i) = A1+ Yi(2))

and the analyticity determines T'(x) in the strip Sz € [—1, 1].
The energy of the spin chain can be evaluated, as

d
k= Z@ 10g Tl(x)lxzz

What happens in the attractive regime?

Concentrate on the case v = 3x/4 with periodicity, T'(x +

8/31) = T(x)

o -
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Zerosof 1T'In the attractiveregime
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Zeros'I' In the attractive regime
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Relevant 1" system

# the original T' system
Ty (x + )T (x — i) = fi(z) + To(z)T2()

To(x+ 1) sz —1) = folx) + T1(z)T5(x)
T3(x +1)T3(x — 1) = f3(x) + To(x)Ty(x)
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# the shifted T system Let TV (z) = TV (x + 4/30)



Relevant 1" system
=

# the original T' system
Ti(z +)Th(z — 1) = fi(z) + To(z)Ta(z)

15
To(x +1)To(x — 1) = folx) + Ti(x)T3(x)
T3(x +1)T3(x — 1) = f3(x) + To(x)Ty(x)

# the shifted T system Let TV (z) = TV (x + 4/30)

Ty + )T (o — i) = £(0) + Ty ()T (0
Tyl + )T — i) = f¥ (@) + T} ()3 (x)

Bz + i) Ta(x — 50) = fy'(2) + Ty (2) Ty (2)
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Relevant 1" system

# the original T' system

Ty (o + 3T (¢ — 3i) = fu(a) + To(e)To()
Ty (4 5T (x — i) = fole) + T4 () Ty(a)
Ty (o4 5T (« — i) = fo(x) + Ta(a)Ta(a)

# the shifted T system

Ty + )T (o — i) = £(2) + Ty (0)TY (0
Ty + )T — 5) = £ (@) + T} ()3 (x)
I, 1



Relevant 1" system
=

# the original T' system
v L. I
Ty (z + gZ)T2 (z — gz) = fox) + Ti(2)T5(x)

# the shifted T system

Tya + )T — 5i) = Y (@) + Ty ()3 (2)

- ne + ne— = @ @I —

3 3 The XXZ model in the attractive regime with boundaries — p.21/3.



Relevant Y system

f ® Define Y functions
Yi(x) = 19 ()15 (2)/ 1 (2)
Yo(z) = Ti(2)T5(x)/ f2(2)
Yi(z) = Ty (2) /To(x) B-(x — i/3) By (x +i/3)



Relevant Y system
=

® Define Y functions

Yi(z) =Ty ()15 (=) / f1' (@)

Yo(z) = Th(x)T5(x)/ fa()

Yi(z) =T, (x)/To(x) B-(z — i/3) B4 (x +i/3)
® Y system

Yi(z +1i/3)Yi(z —i/3) = (1 + Ya(x))
Yo(z +1/3)Ya(x —i/3) = (1 + Yi(x)))

X (14 A(@)Yi(2))(1 4+ X(2)Yi(z))
Yi(@ +1i/3)Yi(x —i/3) = (1 + Ya(z))



-

o

Relevant Y system

® Define Y functions

Yi(z)
Ya(x)

Yi(z) = T,/(z)/To(x) B

® Y system

Yi(z +1/3)Yi(x —i/3)/Ya(z) =

Yoz + Z/3)3/2(26’ —1/3)/(Y

/\
_|_
~.
~—
%)
N—r~ —
=
—~
=
|
~.
~—
%)
~
~—
S<

(@

+ (Y, ()) DN (@) + (s

15 ()15 () ) fi ()
Ty (2)Ts(x)/ fa)

(z—i/3)B(z +1i/3)

(14 (Y2 ()) )
)Y/ (7))
(7



T'BA In the atractiveregime

- .

#® Y system + analyticity assumption
— recovers TBA with the correct mass ratio

o -
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T'BA In the atractiveregime
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#® Y system + analyticity assumption
— recovers TBA with the correct mass ratio

® |Is the problem solved?
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T'BA In the atractiveregime
B o

#® Y system + analyticity assumption
— recovers TBA with the correct mass ratio

® |Is the problem solved?
# No. Ti(x) known in Sz € [—1/3,1/3]

The evaluation of the energy though

d
k= Z% log T1 (:U)‘a::z

IS not yet possible.

o -
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A trial?

- .

The analytic continuation of the equation? (i.e., second
determination in NLIE.)

# an equation valid in the narrow strip

1
logTi(x) = 7 /K; (x — ') log(1 + Yi(2"))dz’

3T
K1 =
3 () 2 cosh 27 ()

o -
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A trial?

-

determination in NLIE.)

# an equation valid in the narrow strip

The analytic continuation of the equation? (i.e., second

log T1(x) /K1 (x — ") log(1 + Yy (2"))dz'

7 37

() =

1
3

2 cosh 27 ()

# analytic continuation (Sz = 0to Sz > 1/3)

X X+il3

=

X X-il3

H_

X-i/3

The XXZ model in the attractive re

gime with boundaries

=

-

— p.25/3



Contour defor mation

- .

#® Deform the contour to the straightline,

log Ty (z + 2/3i) = log(1 + Yi(z + 1/31))

1OO
- — | K

1
2T J_oo 3

(x — ") log(1 + Yy (2"))da'

o -
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Contour defor mation

- .

#® Deform the contour to the straightline,

log Ty (x + 2/3t) = log(1 + Yy (z + 1/31))
1 0. @)
Y B

1
2T J_oo 3

(x — ") log(1 + Yy (2"))da'

#® Using functional relation

logTi(x +2/3i) =logTi(x + 2/3i) 4+ log T (x)

1
-~ | K.
27T 3

o -

The XXZ model in the attractive regime with boundaries — p.26/3.
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Contour defor mation

- .

#® Deform the contour to the straightline,

log Ty (x + 2/3t) = log(1 + Yy (z + 1/31))
1 0. @)

b N

Ki(x —2")1log(1 + Yi(2"))da'

1
3

® Come back to the orinal form..nonsense!

log T (x) /K1 (x — ") log(1 + Yy (2"))da'

o -
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Zerosof 13 In the attractiveregime
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® Zeros of T; for p = 0 must be double.
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® Zeros of T; for p = 0 must be double.

# Easy to show (by periodicty) T5(x) o< Q(xz — 4/31).

o -

The XXZ model in the attractive regime with boundaries — p.29/3.



Factorized 75
-

® Zeros of T; for p = 0 must be double.
# Easy to show (by periodicty) T5(x) o< Q(xz — 4/31).

® thus 735 has the factorized form by )
T3(x) x Q(z —4/31)Q(x + 4/30).

o -
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Factorized 75

Zeros of Ts for p = 0 must be double.

Easy to show (by periodicty) T3(z) x Q(x — 4/31).

thus T3 has the factorized form by @)

T3(x) x Q(z —4/31)Q(x + 4/30).

for nonzero boundary fields p, let Q(x) be @ for a model
with —p. then

Ts(z) o Q(x — 4/31)Q(x + 4/31)

-
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Thepuzzleis solved

- .

® Suppose TBA is solved and so 73 is known in the narrow
strip



Thepuzzleis solved

- .

® Suppose TBA is solved and so 73 is known in the narrow

strip
#® Not use T but use () to express the energy of the spin
chain.
7 o
E ~1—log Qlz—1)

der ~ Q(x +1) =0

o -
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Thepuzzleis solved

=

Suppose TBA is solved and so 75 is known in the narrow
strip

Not use 7' but use () to express the energy of the spin

chain.

o d Q(x — 1)
B 8 oy =0

Use the factorized 15

. d Ts(x +1/3)
E~1—1 —
Ydz P Tg(x—i/S)‘ ’

-
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Summary

- .

# A fusion-TBA formalism for the boundary XXZ model in
the attractive regime is established for v = np/(p + 1).
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# A fusion-TBA formalism for the boundary XXZ model in
the attractive regime is established for v = np/(p + 1).

#® The formulation is valid not only in the scaling limit but
any finite V.
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Summary
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# A fusion-TBA formalism for the boundary XXZ model in
the attractive regime is established for v = np/(p + 1).

#® The formulation is valid not only in the scaling limit but
any finite V.

# The factorization of 7}, by @) functions is crucial.
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Summary

=

A fusion-TBA formalism for the boundary XXZ model in
the attractive regime is established for v = np/(p + 1).

The formulation is valid not only in the scaling limit but
any finite V.

The factorization of 7, by () functions is crucial.

Interesting to extend this to v = ws/r general to see how
the factorization plays a role
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Summary

=

A fusion-TBA formalism for the boundary XXZ model in
the attractive regime is established for v = np/(p + 1).

The formulation is valid not only in the scaling limit but
any finite V.

The factorization of 7, by () functions is crucial.

Interesting to extend this to v = ws/r general to see how
the factorization plays a role

THANK YOU

-
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